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Single-particle potential of the Λ hyperon in nuclear matter with chiral effective field
theory NLO interactions including effects of Y NN three-baryon interactions
M. Kohno1, ∗
1Research Center for Nuclear Physics, Osaka University, Ibaraki 567-0047, Japan
Adopting hyperon-nucleon and hyperon-nucleon-nucleon interactions parametrized in chiral ef-
fective field theory, single-particle potentials of the Λ and Σ hyperons are evaluated in symmetric
nuclear matter and in pure neutron matter within the framework of lowest order Bruckner theory.
The chiral NLO interaction bears strong ΛN-ΣN coupling. Although the Λ potential is repulsive if
the coupling is switched off, the ΛN-ΣN correlation brings about the attraction consistent with em-
pirical data. The Σ potential is repulsive, which is also consistent with empirical information. The
interesting result is that the Λ potential becomes shallower beyond normal density. This provides
the possibility to solve the hyperon puzzle without introducing ad hoc assumptions. The effects of
the ΛNN-ΛNN and ΛNN-ΣNN three-baryon forces are considered. These three-baryon forces are
first reduced to normal-ordered effective two-baryon interactions in nuclear matter and then incor-
porated in the G-matrix equation. The repulsion from the ΛNN-ΛNN interaction is of the order of
5 MeV at the normal density, and becomes larger with increasing the density. The effects of the
ΛNN-ΣNN coupling compensate the repulsion at normal density. The net effect of the three-baryon
interactions to the Λ single-particle potential is repulsive at higher densities.
I. INTRODUCTION
It is a fundamental problem to understand hyperon
properties in the hadronic medium based on underlying
baryon-baryon interactions. Despite the scarceness of
hyperon-nucleon (YN) scattering data, various YN po-
tential models have been developed by several groups [1–
5]. The empirical data of Λ hyper-nuclei have suggested
that the depth of the Λ single-particle (s.p) potential in
the nuclear medium is about 30 MeV [6, 7]. Most of the
YN potentials account for the Λ-nucleus attractive in-
teraction of this order, for example, in the framework of
Brueckner theory [8–11]. Calculations for neutron-star
matter at higher densities with those interactions have
shown that the Λ hyperons become energetically favored
to bypass the increasing neutron Fermi energy at 2 ∼ 3
ρ0, where ρ0 =
2k3
F
3 = 0.166 fm
−3 with the Fermi mo-
mentum kF = 1.35 fm
−1 is referred to as normal density.
Beyond the onset of the Λ emergence, the equation of
state (EOS) of high-density nuclear matter naturally be-
comes soft. Such an EOS is difficult to explain even the
standard neutron-star mass of 1.4 solar mass (1.4M⊙)
[12, 13]. Recently, the situation has become more seri-
ous, after neutron stars with a mass of 2M⊙ were ob-
served [14, 15]. The problem is called hyperon puzzle.
It is necessary to advance the study of the interaction
between the Λ hyperon and the nucleons in the nuclear
medium.
In the non-strangeness sector, the potentials derived
in the framework of chiral effective field theory (ChEFT)
[16, 17] have been widely employed in recent ab initio
calculations of properties of atomic nuclei on the ba-
sis of nucleon-nucleon interaction. In addition to their
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comparable accuracy in describing nucleon-nucleon (NN)
scattering data with other modern NN potentials, three-
nucleon forces (3NFs) are introduced systematically and
consistently with the NN sector. Baryon-baryon interac-
tions in the strangeness sector have also been developed,
although the experimental data are still limited. The
parameterization of the YN potential in the lowest or-
der of the chiral expansion was given by Polinder et al.
[18]. The extension to the next-to-leading order (NLO)
was achieved by Haidenbauer et al. [19]. Pion-exchange
YNN three-baryon forces (3BFs) were recently derived
by Petschauer et al. [20].
In this article, Λ and Σ single-particle (s.p.) poten-
tials are investigated, in the framework of lowest-order
Brueckner theory (LOBT), in symmetric nuclear matter
(SNM) and in pure neutron matter (PNM), using the
ChEFT NLO interactions. The density-dependence of
the Λ s.p. potential in pure neutron matter is relevant to
the role of strangeness in neutron star matter. Because
ChEFT is low-momentum effective theory with the cut-
off scale of about 500 MeV, it is not applicable beyond
the density of the 2 ∼ 2.5ρ0. Nevertheless, it is worth to
investigate properties of the Λ hyperon in nuclear mat-
ter predicted by the microscopic ChEFT YN interactions
below the limit as the basis towards the higher densities.
3NFs are indispensable to properly describe the sat-
uration properties of nuclear matter. Therefore, it is
important to estimate the effects of YNN 3BFs for hy-
peron properties in the nuclear medium. The advantage
of ChEFT is that the 3BFs are systematically introduced.
In this article, two-pion exchange ΛNN-ΛNN and ΛNN-
ΣNN 3BFs are considered, following Petschauer et al.
[20]. The contributions of the 3BFs are evaluated by in-
troducing density-dependent effective two-body YN in-
teractions by integrating one nucleon degrees of freedom
in the medium. The procedure may be referred to as
normal-ordered prescription in the medium.
Hyperon properties calculated by the ChEFT interac-
2tions have been reported by Haidenbauer and Meißner
[21] and by Petschauer et al. [22]. The recent publica-
tion by Haidenbauer et al. [23] discusses the implication
of the ChEFT interactions to the hyperon puzzle. The
present article presents the results from independent cal-
culations, which are qualitatively similar to the preced-
ing calculations as it should because the same ChEFT
hyperon-nucleon interactions are employed. The treat-
ment of the 3BFs is improved to use general expressions
for the off-shell components. The effects of the ΛNN-
ΣNN are taken into account, which have not been con-
sidered before.
In section II, Λ and Σ LOBT s.p. potentials are evalu-
ated at several densities first in SNM and next in PNM,
using the NLO YN interactions only. The depth of the
Λ potential at the normal density is seen to be consis-
tent with the empirical value. Salient features of the re-
sults are discussed. The outline of evaluating the normal-
ordered YN interactions from the 3BFs is given in Sec.
III. The ΛNN 3BF is included first, and then the influence
of the ΛNN-ΣNN coupling interactions is incorporated.
Explicit expressions of the normal-ordered YN interac-
tions are presented in Appendix. The numerical results
of the 3BF contributions both in SNM and PNM are
shown in Sec. IV. Summary follows in Sec. V.
II. HYPERON PROPERTIES WITH NLO YN
INTERACTIONS
A. symmetric nuclear matter
Hyperon-nucleon interactions derived within ChEFT
are not soft enough to be directly used in tha mean field
description or perturbative method especially for the ΛN-
ΣN coupling. It is necessary to introduce some effective
interactions appropriate to lower-energy scale. The G-
matrix equation in conventional Brueckner theory takes
care of in-medium correlations to treat short-range repul-
sive part, and medium effects such as Pauli blocking as
well as dispersion effects. The Brueckner self-consistency
for the single-particle potentials amounts to including a
certain set of higher-order diagrams.
Because the lowest-order Bruckner calculations have
been extensively carried out in the literature [8–11], it is
sufficient to note some comments for the present appli-
cation as follows. 1) The continuous choice is used for
the intermediate spectra. An effective mass approxima-
tion is not used, but s.p. energies are interpolated from
the values at the mesh points. 2) The angle-average ap-
proximation is introduced for the Pauli operator in the
numerator and the energies in the denominator of the
propagator. 3) Partial waves up to the total angular mo-
mentum J = 6 are included.
Before carrying out G-matrix calculations for hyper-
ons, it is necessary to prepare nucleon single-practice en-
ergies, which are needed for the propagator in the G-
matrix equation. In the present calculations, the nu-
clear matter properties [24] obtained with the potential
parametrized at the N3LO level by the Bochum-Bonn-
Ju¨lich group [25] are used, which include the effects of
the leading-order 3NF as the density-dependent effective
interactions by folding the third nucleon degrees of free-
dom. The components of the 3NF which is determined
by the coupling constants fixed in the NN sector provide
strong repulsion. This repulsion is decisively important
to account for nuclear saturation properties, because the
minimum of the saturation curve obtained by any real-
istic NN interaction locates at considerably higher den-
sities than the empirical one. The coupling constants in
the one-pion exchange contact and three-nucleon contact
terms, respectively, are tuned to reasonably reproduce a
saturation curve as cD = −2.5 and cE = 0.25 for the case
of the cutoff Λ = 550 MeV [24].
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FIG. 1: Nucleon s.p. potentials as a function of the nucleon
momentum k obtained from the LOBT calculations in SNM
with the ChEFT NN potential [25] of the cutoff Λ = 550 MeV,
including the effects from the 3BF. These potentials are used
for the propagator in the YN G-matrix equation.
The s.p. potential at the large momentum, typically
k > 3 fm−1, starts to show oscillation as an artifact of
the cutoff, when the Fermi momentum kF becomes large.
This behavior makes it difficult to numerically obtain a
Brueckner self-consistent solution. In the present calcu-
lations, a cutoff regularization in the form of e−(k
2/(2Λ2))3
is applied to the single particle potential used in the G-
matrix equation. It has been checked that the s.p. po-
tential in the lower momentum region, k < 2 fm−1, has
scarcely been altered by this procedure. The same pre-
scription is applied also for the hyperon s.p. potentials.
The momentum dependence of the nucleon s.p. potential
with the above regularization is shown in Fig. 1 for SNM
and in Fig. 2 for PNM. The nucleon s.p. potential does
not become monotonically deeper as the density becomes
larger because of the repulsive contribution of the 3NFs.
Calculated results for the Λ and Σ s.p. potentials in
3−40
−20
0
0 1 2 3 4 5−100
−80
−60
−40
−20
0
k  [fm−1]
U n
(k)
 in
 P
NM
  [M
eV
]
kF [fm−1]  ρ/ρ0
  1.35      0.5
  1.5        0.7
  1.7        1.0
  1.9        1.4
  2.0        1.6
U p
(k)
 in
 P
NM
  [M
eV
]
FIG. 2: Same as Fig. 1, but for neutron and proton s.p.
potentials in PNM.
SNM with the chiral NLO YN potentials [19] are shown
in Fig. 3 for the real part and in Fig. 4 for the imagi-
nary part, for the four values of the Fermi momentum;
kF = 1.07, 1.35, 1.6 and 1.7 fm
−1. The corresponding
densities of nuclear matter are 0.50ρ0, ρ0, 1.66ρ0, and
2.0ρ0, respectively. Solid curves represent the results of
the calculation in which the ΛN-ΣN coupling is normally
included. The dotted curves are the potential after the
regularization factor e−(k
2/(2Λ2))3 is multiplied, which is
employed in the denominator of the propagator of the
G-matrix equation. To assure that the introduction of
the regularization factor for the sake of numerical sta-
bility does not change low-energy quantities, the results
without applying this prescription are shown by a dashed
curve for kF = 1.35 and 1.60 fm
−1. The solid and dashed
curves do not differ in a low-momentum region.
The importance of the ΛN-ΣN coupling, to which the
tensor force from the one-pion exchange contributes, has
been recognized in every realistic YN potential based on
the underlying picture of meson exchanges. To quantify
the effect of this coupling, the Λ and Σ s.p. potentials
are evaluated by switching off the coupling, the results
of which are indicated by the dot-dashed curves in Fig.
3. The effect is seen to be particularly sizable. The
Λ s.p. potential without the ΛN-ΣN coupling is even
repulsive. The potential depth of about 30 MeV at the
normal density, which is consistent with the empirical
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FIG. 3: Real part of the Λ and Σ s.p. potentials in SNM
with the chiral NLO YN interactions [19]. The solid and dot-
dashed curves represent the results of the calculation with
switching on and off the ΛN-ΣN coupling, respectively. The
potentials multiplied by the regularization factor e−(k
2/(2Λ2))3
with Λ = 550 MeV are shown by the dotted curves. The re-
sults of the calculation in which the prescription of the regu-
larization is not applied are shown by the dashed curves for
kF = 1.35 and 1.60 fm
−1.
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FIG. 4: Imaginary part of the Λ and Σ s.p. potentials in SNM
with the chiral NLO YN interactions [19]. The short dashed
and two-dot-dashed curves stand for the results including the
effects from ΛNN-ΛNN 3BFs and ΛNN-ΣNN 3BFs in addi-
tion, respectively, which are discussed in Sec. III.
data [6, 7], is brought about by the attraction from the
coupling. Though the coupling also yields the attraction
for the Σ hyperon, the Σ potential is still positive at the
normal density. At low densities, e.g. at ρ/ρ0 = 0.5 in
Fig. 3, the Σ s.p. potential becomes attractive. These
features are also consistent with experimental informa-
tion [26, 27].
The partial-wave contributions to the s.p. potential of
Λ at rest, which are shown in Fig. 5, detail the proper-
ties of the NLO ΛN interaction and the ΛN-ΣN coupling.
The solid and dashed curves are the results with switch-
ing on and off the ΛN-ΣN coupling, respectively. The
characteristic feature is the density dependence of the
3S1 contribution when the ΛN-ΣN coupling is not taken
into account. The repulsion rapidly grows with increas-
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FIG. 5: Density-dependence of the partial wave contributions
to the Λ s.p. potential in SNM with NLO YN interactions
[19] only.
ing the density. Although the ΛN-ΣN coupling brings
about sizable attraction, the attractive Λ s.p. potential
does not become deeper at greater densities than nor-
mal. The attractive contribution in the 1S0 state is of
the similar order for the 3S1 contribution, whereas the
contributions from other channels are small and do not
depend much on the density.
The small splitting of the 3P1 and
3P2 contributions
in Fig. 5, which is about one third of that for the case of
the nucleon, indicates that the ΛN spin-orbit interaction
is not large. However, the experiments have suggested [7]
that the ΛN effective spin-orbit interaction is very small.
In the analysis of the quark-model ΛN interaction, it
was demonstrated [28] that the antisymmetric spin-orbit
component cancels the normal spin-orbit contribution to
realize small spin-orbit splitting. In the present NLO ΛN
interaction, there is no antisymmetric spin-orbit compo-
nent. The possible reduction of the effective Λ spin-orbit
field by incorporating the contact terms at NLO was dis-
cussed by Haidenbauer and Meißner [21]. It is noted that
the 3BFs considered in the next section have normal and
antisymmetric spin-orbit components, and they reduce
the ΛN spin-orbit strength by about 10%.
The interesting consequence of these properties of the
ChEFT YN interactions is that the depth of the Λ s.p.
potential does not become deep with increasing the den-
sity. This behavior is paved by the density-dependence of
the 3S1 contribution before taking into account the ΛN-
ΣN coupling. In addition, the ΛN-ΣN coupling tends to
be suppressed in the nuclear medium with large Fermi
momentum by the Pauli blocking for the intermediate
nucleon state. The similar behavior is also seen in PNM.
The implication of this variation of the Λ s.p. poten-
tial with respect to the density to the hyperon puzzle is
discussed in Sec. IV after including the 3BF effects.
5The imaginary part of the hyperon s.p. potential is
related to the spreading width of the hyperon s.p. state
in the nuclear medium by Γ = −2ℑUY , The vary small
width of Λ hypernuclear states, in comparison with the
nucleon states, has been observed experimentally [7].
The reason based on the properties of the YN interac-
tion was discussed in details by Bando et al. [29]. Figure
4 shows that the imaginary part of the Λ s.p. potential
obtained by the ChEFT NLO YN interaction is actually
very small, as in other calculations using different YN
potentials [9, 30]. The strong ΛN-ΣN coupling does not
directly contribute to the imaginary potential. The imag-
inary Σ potential of ℑUΣ(0) =∼ −15 to ∼ −20 MeV is
also similar to those with other YN potentials [9, 30].
B. Pure neutron matter
In pure neutron matter, the hyperon potential is
charge-dependent, and G-matrix equations are solved in
a particle-base. Because the Σ− hyperon does not couple
with the Λ hyperon, the Σ−n G-matrix is calculated by
a single-channel equation. The Λ and Σ0 states are de-
termined through a Λn-Σ0n-Σ
−p coupled equation. The
Σ+ s.p. potential is obtained from a Σ+n-Λp-Σ0p cou-
pled equation. These Λ and Σ±,0 s.p. potentials are
determined self-consistently.
The calculated results for knF = 1.35, 1.7, and 2.0 fm
−1,
the neutron densities being 12ρ0, ρ0, and 1.63ρ0, respec-
tively, are shown in Fig. 6. Note that a stable solution
was not obtained for the density beyond kF = 2.0 fm
−1
or 1.6ρ0. The dashed curves for Λ, Σ
0, and Σ+ represent
the results in which the ΛN-ΣN coupling is switched off.
With increasing the density from knF = 1.35 to 1.7 fm
−1,
the Λ s.p. potential at k = 0 decreases to about −30
MeV, and then it turns to become shallower at higher
densities, as in SNM.
Because Σ− does not couple to Λ in PNM, the Σ− s.p.
potential is resembling to the dot-dashed curve in Fig. 3;
that is, repulsive even at low densities. When the ΣN-ΛN
coupling is ignored, the ordering of the Σ s.p. potential is
0 < UΣ−(0) < UΣ0(0) < UΣ+(0). The Σ
+ s.p. potential
is much influenced by the coupling, and the ordering is
reversed: UΣ+(0) < 0 < UΣ0(0) < UΣ−(0). Still, the Σ
0
s.p. potential is considerably repulsive. The increasingly
repulsive nature of the Σ− and Σ0 s.p. potentials with
growing the density in PNM suggests that the onset of
the emergence of these Σ− and Σ0 hyperons in neutron
star matter tends to be prevented.
III. INCLUDING EFFECTS OF YNN
INTERACTIONS
Leading order three-baryon forces (3BFs) were derived
by Petschauer et al. [20] in SU(3) chiral effective field the-
ory. A feasible way of investigating the effects of these
3BFs to the Λ s.p. potential in nuclear matter is to re-
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FIG. 6: Λ and Σ s.p. potentials in PNM with the chiral NLO
YN interactions [19]. Solid curves represent the results includ-
ing the cutoff form factor for the intermediate potentials in
the denominator of the G-matrix equation. The latter poten-
tials are shown by the dotted curves. Calculated results with
switching off the ΛN-ΣN coupling are shown by the dashed
curves.
duce them to density dependent effective two-body in-
teractions by integrating the third nucleon over the oc-
cupied states, which may be called as a normal ordered
two-body interaction of the original 3BF with respect to
nuclear matter. In this article, two-pion exchange ΛNN-
ΛNN and ΛNN-ΣNN 3BFs are taken into consideration,
but the ΣNN-ΣNN 3BF is left out, because its contribu-
tion to the Λ s.p. potential is through the correction for
the Σ s.p. potential in the propagator of the G-matrix
equation and therefore indirect.
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FIG. 7: ΛNN-ΛNN diagrams. The dotted line represents pion
exchange. (a) ΛNN-ΛNN three-body interaction V ΛNNTPE , (b)
direct term in one-nucleon folding of V ΛNNTPE , and (c) exchange
term in one-nucleon folding of V ΛNNTPE . kh indicates an occu-
pied state.
Petschauer et al. [31] presented the density-dependent
effective two-body interactions of the 3BFs in the case
of |k| = |k′| in momentum space, where k and k′ are
initial and final relative momenta of the two interacting
baryons. Here, the expressions for the general case of
|k| 6= |k′| are derived, as in the case of three-nucleon
forces [24].
A. Density-dependent ΛN-ΛN interaction from
NNLO 2pi-exchange ΛNN-ΛNN interaction
Because there is no ΛΛπ coupling, the two-pion ex-
change ΛNN-ΛNN interaction V ΛNNTPE is given by the di-
agram of Fig. 7(a) alone. Following the expression by
Petschauer et al. [20], the Born amplitude of this dia-
gram is written as
V ΛNNTPE =
g2A
3f40
(σ3 · q3)(σ2 · q2)
(q23 +m
2
π)(q
2
2 +m
2
π)
(τ 2 · τ 3)
× {−(3b0 + bD)m2π + (2b2 + 3b4)q3 · q2}, (1)
where the coordinate 1 is assigned to the Λ hyperon and
q2 (q3) is the difference of the final and initial momenta
at the nucleon line 2 (line 3). gA is the axial coupling
constant, f0 is the pion decay constant, mπ is the pion
mass, and σ and τ stand for the spin and isospin oper-
ators. The coupling constants b0, bD, b2, and b4 inherit
those in the underlying Lagrangian. This 3BF is reduced
to an effective ΛN-ΛN interaction V
ΛN(N)
TPE by folding one
nucleon degrees of freedom over the occupied states in
nuclear matter. Assuming that two baryons are in the
center of mass frame, the effective two-body matrix ele-
ment from V ΛNNTPE is obtained as
〈k′σ′Λ,−k′σ′τ ′|VΛN(N)|kσΛ,−kστ〉
=
g2A
3f40
∑
kh
∑
σh,τh
〈k′σΛ,−k′σ′τ ′,khσhτh|(τ 2 · τ 3)
× (σ3 · (−k
′ − kh))(σ2 · (kh + k))
((kh + k
′)2 +m2π)((kh + k)
2 +m2π)
× {−(3b0 + bD)m2π + (2b2 + 3b4)(−kh − k′) · (kh + k)}
× |(kσΛ,−kστ,khσhτh)− (kσΛ,khσhτh,−kστ)〉, (2)
where kh, σh and τh specify the nucleon in momen-
tum, spin, and isospin states. In the following, τ =
−1/2 is assigned for neutron and τ = 1/2 proton.
The diagrammatic representation of the integration is
depicted in Figs. 7(b) and 7(c). The direct term,
Fig. 7(b), vanishes because of the spin summation.
The isospin summation in the exchange contribution
gives
∑
τh
〈τ ′τh|(τ 2 · τ 3)|τhτ〉 = 3δτ ′τ in SNM, and
{1δτ ′−1/2δτ,−1/2+2δτ ′,1/2δτ,1/2} in PNM. While central,
spin-orbit, and antisymmetric spin-orbit components ap-
pear from V ΛNNTPE , no tensor component is generated. Ex-
plicit expressions after carrying out the spin-summation
and kh integration are given in Appendix. If the con-
dition of |k′| = |k| is imposed for the expression in Ap-
pendix, the results agree with those given by Petschauer
et al. [31]. It should be noted that a statistical factor of
1
2 has to be multiplied when the effective two-body inter-
action defined by Eq. 2 is added to the original two-body
ΛN-ΛN interaction. It is worthwhile to mention that in
the case of three-nucleon forces the statistical factor is 13
for the total energy in the Hartree-Fock level and 12 for
the s.p. energy, whereas here the factor of 12 is common
for the total and s.p. energies.
As for a form factor, it is not included in the stage of
the integration of Eq. 2, but the resulting effective two-
body interaction VΛN(N) is multiplied by the following
Gaussian regularization factor same as in the NN sector
with the cutoff scale Λ being 550 MeV:
exp(−(k′/Λ)6 − (k/Λ)6). (3)
The normal-ordered interaction VΛN(N) can be re-
garded as a Pauli-blocking effect for the two-pion ex-
change two-body ΛN interaction with the ππΛΛ vertex.
Supposing that this two-pion exchange ΛN interaction
provides an attractive component, the Pauli-blocking
brings about repulsion.
B. Density-dependent ΛN-ΣN interaction from
NLO ΛNN-ΣNN interaction
As for the ΛNN-ΣNN transition process, in addition to
the diagram Fig. 8(a), there appears another type of the
diagram presented in Fig. 8(b) . Besides, the amplitude
of the diagram of Fig. 8(a) has an extra term;
V Λ−ΣTPE,a = −
1
4f40
(σ2 · q2)(σ3 · q3)
(q22 +m
2
π)(q
2
3 +m
2
π)
i(Σ · (τ 2 × τ 3))
× [Na1 +Na2 (q2 · q3) +Na3 i(σ1 · (q2 × q3)]. (4)
The amplitude of the diagram of Fig. 8(b) has the fol-
lowing structure;
V Λ−ΣTPE,b = −
1
4f40
(σ1 · q1)(σ3 · q3)
(q21 +m
2
π)(q
2
3 +m
2
π)
× [(Σ · τ 3){N b1 +N b2(q1 · q3)}
−N b3((Σ× τ 3) · τ 2)((q1 × q3) · q2)]. (5)
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FIG. 8: ΛNN-ΣNN diagrams. The dotted line represents
pion exchange. (a) 3BF V Λ−ΣTPE,a with pipiΛΣ vertex, (b) 3BF
V Λ−ΣTPE,b with piΛΣ vertex, (c) direct term in one-nucleon fold-
ing of V Λ−ΣTPE,a, and (d) exchange term in one-nucleon folding
of V Λ−ΣTPE,a, (e) direct term in one-nucleon folding of V
Λ−Σ
TPE,b,
(f) exchange term in one-nucleon folding of V Λ−ΣTPE,b, and (g)
exchange term in one-nucleon folding of V Λ−ΣTPE,a. kh indicates
an occupied state.
In the above expressions, Σ represents the isospin oper-
ator asociated with the Λ-Σ transition, and the explicit
values of the coupling constantsNa1∼3 andN
b
1∼3 are given
in the next subsection.
To obtain effective two-body interactions from these
3BFs, the following matrix element is calculated in which
both the bra and ket states are anti-symmetrized with
respect to the two nucleons.
〈k′σΣτΣ,−k′σ′τ ′|VΛN(N)−ΣN(N)|kσΛ,−kστ〉∑
kh
∑
σh,τh
(
1√
2
)2
〈(k′σΣτΣ,−k′σ′τ ′,khσhτh)
− (k′σΣτΣ,khσhτh,−k′σ′τ ′)|V Λ−ΣTPE
× |(kσΛ,−kστ,khσhτh)− (kσΛ,khσhτh,−kστ)〉. (6)
Explicit expressions after carrying out the spin-
summation and kh integration are given in Appendix.
When the condition of |k′| = |k| is imposed for the ex-
pression in Appendix, the expression given by Petschauer
et al. [31] is reproduced. Again, an additional statistical
factor of 12 is multiplied, when it is incorporated to the
original two-body ΛN-ΣN transition interaction.
C. Assignment of low-energy-constants in 3B YNN
interactions
The low energy constants in Eq. (1) were estimated in
Ref. [31] by adopting decouplet saturation. Numerical
values are
−(3b0+bD) = 0, 2b2+3b4 = −C
2
∆
≈ −3.0 GeV−1, (7)
where C = 34gA and ∆ is the average decouplet-octet
mass splitting of about 300 MeV. The coupling constants
contained in Eq. (4) are estimated as
Na1 = N
a
2 = 0, N
a
3 = −
4g2A
3
C2
∆
≈ −6.7 GeV−1. (8)
Similarly, those in Eq. (5) are
N b1 = 0, N
b
2 = −4
8DgA
9
C2
∆
≈ −10.7 GeV−1,
N b3 = −4
8DgA
9
C2
∆
≈ −2.7 GeV−1, (9)
where D is an SU(3) D-type coupling constant and has a
relation D+ F = gA with the F -type coupling constant.
The nucleon part of the diagram of Fig. 8(b) is the
same as that in the nucleon two-pion exchange 3NF.
Namely, the diagram of Fig. 8(b) is obtained by replacing
the πNN vertex in 3BFs by the πΛΣ vertex. Therefore,
the corresponding coupling constants used in the nucleon
sector may be employed. Then the following estimation
is possible:
N b1 = −DgA4c1m2π = 1.6 GeV−1,
N b2 = 2DgAc3 = −6.8 GeV−1
N b3 = −DgAc4 = −3.4 GeV−1. (10)
It is reassuring to find that the corresponding numbers of
Eqs. (8) and (10) are of the same order. In the numerical
evaluations in the next section, the values in Eqs. (7),
(8), and (9) are used.
The diagram of Fig. 8(d) is a medium modification of
the two-pion exchange ΛN-ΣN transition by Pauli block-
ing. This effect is expected to enhance the tensor compo-
nent. Figure 8(f) is a modification of the pion propaga-
tion and Figs. 8(g) and 8(h) are regarded as a correction
for the πNN vertex in the nuclear medium.
IV. NUMERICAL RESULTS OF YNN
CONTRIBUTIONS
Including the normal-ordered two-body interactions of
the 3BFs, s.p. potentials of the Λ and Σ hyperons are
evaluated in SNM and PNM. Contributions of the ΛNN-
ΛNN 3BFs are first presented, and then the effects of the
ΛNN-ΣNN transition interactions are incorporated.
A. 2pi-exchange ΛNN-ΛNN interaction
It is instructive to estimate the effect of the ΛNN-ΛNN
3BFs to the Λ s.p. potential by considering their contri-
bution on the Hartree-Fock level. Namely, the following
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FIG. 9: kF dependence of ∆UΛ, Eq. 12, in SNM and in
PNM. Coupling constants estimated by Petschauer et al. [31]
are employed.
summation over two nucleons in occupied states is eval-
uated.
∆UΛ(kΛ) =
1
2
∑
σΛ
1
2
∑
|k|≤kF ,σ,τ
∑
|k
′
|≤kF ,σ′,τ ′
× 〈kΛσΛ,kστ,k′σ′τ ′|V ΛNNTPE
× |(kΛσΛ,kστ,k′σ′τ ′)− (kΛσΛ,k′σ′τ ′,kστ)〉. (11)
When the cutoff form factor is disregarded, the result
does not depend on kΛ and the summation can be carried
out analytically to yield
∆UΛ = − g
2
A
3f40
1
(2π)6
Fτ
4π2
3
[
(3b0 + bD)m
2
π
×
{
3
2
k2F (2k
2
F −m2π) +
3
8
m2π(8k
2
F +m
2
π) log
4k2F +m
2
π
m2π
−6mπk3F arctan
2kF
mπ
}
+ (2b2 + 3b4)
{
−1
2
m4π(9k
2
F +m
2
π) log
4k2F +m
2
π
m2π
+
2
3
k2F (2k
4
F − 9m2πk2F + 3m4π) + 10m3πk3F arctan
2kF
mπ
}]
.
(12)
where Fτ is a factor from isospin summation: Fτ = 6 in
SNM and Fτ = 1 in PNM.
The kF dependence of ∆UΛ is shown in Fig. 9 both for
SNM and PNM. Using the low-energy constants of Eq.
(7), the repulsive effect from the ΛNN-ΛNN interaction
is about 7 MeV at the normal density in SNM and grows
rapidly with increasing the density. It can be numerically
proved that the inclusion of a cutoff form factor of the
form of exp[− 1
36Λ4
3BF
{(kΛ−k)2+(kΛ−k′)2+(k−k′)2}2]
modifies the result little, with the cutoff momentum of
Λ3BF ≈ 500 MeV.
The ΛN ladder correlation by the G-matrix equa-
tion is expected to somewhat reduce the repulsive ef-
fect of the ΛNN-ΛNN interaction. Although the 3BF in
ChEFT is not applicable beyond the cutoff momentum
scale, the considerably repulsive effect without an ad hoc
phenomenological parameterization is suggestive for the
properties of the Λ hyperon in high density nuclear mat-
ter, together with the shallow Λ s.p. potential presented
in the previous section.
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FIG. 10: Real part of the Λ s.p. potentials in SNM with
the chiral NLO YN interactions [19]. The solid curves are
the same as in Fig. 3; that is, without the effects of 3BFs.
The dotted curves stand for the results including the effects
of ΛNN-ΛNN 3BFs. The dashed curves represent the results,
including the both effects of ΛNN-ΛNN and ΛNN-ΣNN 3BFs.
9Now, the results of the Λ s.p, potential obtained from
the actual G-matrix calculations, in which the effective
two-body interaction VΛN(N) is incorporated, are shown
by the dotted curves in Fig. 10 for SNM and in Fig. 11 for
PNM. As noted earlier, stable results are not available at
high densities. The upper limit of the Fermi momentum
is kF = 1.70 fm
−1 in SNM and knF = 2.00 fm
−1 in PNM.
The Σ s.p. potential is not shown, because the ΣNN-
ΣNN 3BFs are not considered and the change due to
the variation of the Λ s.p. potential is very small. The
repulsive effect of the ΛNN-ΛNN interaction is about 5
MeV at the normal density and about 20 MeV at 2ρ0 in
SNM. The similar repulsive contribution is also obtained
in PNM. Compared with ∆UΛ in Fig. 9, the G-matrix
ladder correlation reduces the repulsion by 30 ∼ 40 %.
In this article, the one-pion exchange contact and
three-body contact terms of the leading order YNN inter-
actions are not considered. The estimation of their role
by Haidenbauer et al. Ref. [23] shows that the attractive
contribution can be obtained to compensate the repul-
sive ΛNN-ΛNN effect by tuning the sign of the coupling
constants. Before quantifying these contributions, how-
ever, it is better to investigate the effect of the ΛNN-ΣNN
3BFs.
B. 2pi-exchange ΛNN-ΣNN interaction
Results of the G-matrix calculations including the ef-
fects both from the ΛNN-ΣNN and ΛNN-ΣNN 3BFs are
presented by the dashed curves in Fig. 10 for SNM and
in Fig. 11 for PNM.
It is interesting to observe that the net attractive con-
tribution from the ΛNN-ΣNN coupling almost cancels
the repulsive effect of the ΛNN-ΛNN 3BFs at the normal
density in SNM, and the potential depth of the Λ hy-
peron remains to be consistent with experimental data.
At higher densities, however, the cancellation is incom-
plete and the net 3BF contribution is repulsive. In PNM,
on the other hand, the effect of the ΛNN-ΣNN 3BFs is
very small, and therefore does not weaken the repulsion
from the ΛNN-ΛNN 3BFs.
C. Relevance to the role of Λ in neutron star
matter
The Λ s.p. potential in the nuclear medium is closely
related to the possible role of the Λ hyperons in neutron
star matter. Although the mixture of protons has to be
taken into account in the realistic study of neutron star
matter, it is helpful to examine the density-dependence
of the neutron chemical potential µn and the Λ s.p. po-
tential UΛ(0) at rest in PNM. Considering the Λ-neutron
mass difference ∆m = mΛ−mn = 176.1 MeV, the simple
condition for the emergence of the Λ hyperon in PNM is
UΛ(0) < µn −∆m (13)
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Although the present calculations with the interac-
tions in ChEFT are limited to the densities below 1.63ρ0,
it is worth considering the implication of the density-
dependence of the present UΛ(0). Figure 12 shows the
density-dependence of the calculated UΛ(0) and that of
µn − m∆ = h¯22mn (knF )2 + Un(knF ) − ∆m. The solid and
dashed curves of UΛ(0) are the results with and with-
out including YNN 3BF effects, respectively. To see
the difference of the ChEFT YN interaction from other
YN potentials, two curves are included, showing the re-
sults of the Brueckner-Hartree-Fock (BHF) calculations
by Schulze and Rijken [32] with employing the Nijmegen
YN potentials NSC89 [2] and ESC08 [33], in which YNN
3BFs are not taken into account.
For the neutron chemical potential µn, three cases of
the ChEFT cutoff scale, Λ = 450, 550, and 600 MeV, are
presented up to the density 1.63ρ0, 1.63ρ0, and 1.19ρ0, re-
spectively. For comparison, typical other nucleon chem-
ical potentials are included in Fig. 12, which are eval-
uated by µΛ =
∂ǫ(ρn,ρΛ)
∂ρΛ
at ρΛ = 0, using the energy
density ǫ(ρn, ρΛ) found in the literature. The dashed
10
curve denotes µn evaluated from the parameterization of
the energy density of the model A18+δv+UIX* given in
Appendix of the article by Akmal, Pandharipande, and
Ravenhall [34] on the basis of .the variational calculation
with AV18 [35] NN force + Urbana model IX 3BF [36].
The short dashed curve is obtained by the parameteri-
zation by Schulze and Rijken [32], which is based on the
BHF calculation with AV18 [35] + UIX’ 3BF [37]. The
EOS corresponding to these µn may not be stiff enough
to support a neutron star with a mass of 2M⊙ [32], but
serves as a standard EOS with which various models of
the neutron matter EOS in the literature can be com-
pared.
The curves of UΛ(0) with NSC98 and ESC08 cross the
curve of the standard µn below the neutron matter den-
sity of 2.5ρ0. The onset of the Λ emergence makes the
EOS appreciably soft, with which a heavy neutron star
with a mass of 2M⊙ cannot be held. It is a natural hy-
pothesis to include strongly repulsive ΛNN 3BF [38, 39]
to avoid the Λ emergence or to make the EOS stiff enough
even under the presence of Λ hyperons. The present chi-
ral YN interactions suggest a somewhat different possibil-
ity. The dashed curve in Fig. 12 indicates that the Λ s.p.
potential is considerably shallow. The naive extrapola-
tion of the dashed curve to the higher density region may
not cross the curve of the standard µn. The 3BFs con-
structed systematically in ChEFT provides an additional
repulsive effect, which can be sizable at higher densities
as Fig. 9 denotes. Supposing that it may not be appro-
priate to discuss neutron star matter at densities beyond
3 ∼ 4ρ0 by a solely hadronic picture, the non-emergence
of the Λ hyperon below the density of 3 ∼ 4ρ0 can be a
solution of the hyperon puzzle.
V. SUMMARY
Single-particle potentials of the Λ and Σ hyperons in
SNM and in PNM are calculated in the standard LOBT
framework, using YN interactions [19] constructed in chi-
ral effective field theory at the NLO level. Contributions
of the NNLO YNN 3BFs [20] are also considered in the
normal-ordering prescription. In addition to the effects
of the ΛNN-ΛNN 3BF, those of the ΛNN-ΣNN transition
3BF are incorporated. The ΛN-ΣN coupling is known to
be important because of the tensor component from the
pion exchange. Compared with other YN potentials, the
ChEFT YN interaction bears particularly strong ΛN-ΣN
coupling. The Λ s.p. potential is repulsive when the
ΛN-ΣN coupling is switched off. The Λ s.p. potential of
about −30 MeV at the normal density, which is consis-
tent with the empirical data, originates from the ΛN-ΣN
coupling. The Σ potential is weakly attractive at the low
densities in SNM, but becomes repulsive with increasing
the density. This feature is consistent with the empirical
data. The Σ potential hight in SNM and the Σ− poten-
tial hight in PNM grow rapidly as the density increases.
The salient feature of the NLO YN interaction is that
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FIG. 12: kF dependence of UΛ(0) and µn−∆m in PNM. Solid
and dashed curves for the UΛ(0) stand for the results with and
without 3BF contribution, respectively. The dashed curve is
based on the energy density parameterized by Akmal, Pand-
haripande, and Ravenhall [34], and the short dashed curve
is evaluated by the parameterization by Schulze and Rijken
[32]. The dot-dashed curve and the two-dot-dashed curve for
UΛ(0) are calculated using the energy densities by Schulze
and Rijken [32].
the Λ s.p. potential becomes shallower at greater than
normal density. This behavior is paved by the density
dependence of the contribution of the ΛN-ΛN interac-
tion in the 3S1 channel. In addition, the ΛN-ΣN coupling
bringing about the substantial attraction tends to be sup-
pressed by Pauli blocking when the Fermi momentum
becomes larger. The situation is same in PNM, which is
more relevant to neutron star matter.
It has been expected that the Λ hyperons appear in
high-density neutron star matter to bypass the neutron
chemical potential, and therefore the equation of state
of PNM becomes soft. The recent observation of twice
the solar-mass neutron stars has imposed a constraint for
the stiffness of the EOS, with which naive emergence of
hyperons seems to be excluded. This contradictory sit-
uation is called hyperon puzzle. The character of the Λ
s.p. potential predicted by the NLO ChEFT suggests
that the Λ hyperon is energetically not favored in neu-
tron star matter at higher densities. Because ChEFT is
effective low-energy theory, the cutoff scale being of the
order of 500 MeV, it is not adequate to discuss the region
of the density greater than 2 ∼ 2.5 times normal density.
Nevertheless, the behavior of the Λ s.p. potential below
the limit is suggestive, and the ChEFT YN interaction
provides a possibility to resolve the hyperon puzzle.
The effects of the two-pion exchange ΛNN-ΛNN 3B in-
teractions make the Λ s.p. potential less attractive. To be
consistent with the empirical data, the attraction which
compensates this repulsive contribution is required. It
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is conceivable to include the ΛNN-ΛNN contact terms,
as was practiced by Haidenbauer et al. [23], and tune
the coupling constants. In this article, before introduc-
ing those contact terms, contributions from the ΛNN-
ΣNN transition 3BF are investigated. It is demonstrated
that the effects of the effective ΛN-ΣN interactions from
the ΛNN-ΣNN processes serve to restore the Λ potential
depth of about 30 MeV at the normal density in SNM.
At the densities greater than the normal, the net contri-
bution from the YNN interaction is repulsive of the order
of 5 ∼ 10 MeV, which supports to disfavor the emergence
of the Λ hyperon in high-density neutron star matter.
It is known in the non-strange sector that higher orders
in ChEFT beyond NLO are important. In the future, the
inclusion of higher order terms is necessary also in the
strangeness sector, although at present it is not mean-
ingful because of the insufficiency of experimental data
on the amount as well as the accuracy. YNN 3BFs of
K and η meson exchange processes are better to be con-
sidered. In parallel with these developments, it is also
important to examine the properties of the ChEFT YN
interactions by investigating experimental data of hyper
nuclei, which will be provided by the on-going and future
experiments.
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APPENDIX: EFFECTIVE TWO-BODY FORCES FROM THE 3NF IN CHIRAL EFFECTIVE FIELD THEORY
1. Effective 2B interaction from the ΛNN-ΛNN interaction
The evaluation of Eq. (2) becomes
g2A
3f40
CΛΛτ (3b0 + bD)m
2
π
∞∑
ℓ=0
ℓˆPℓ(cos θ)
[
cos θ QℓW0(k
′, k)− {QℓX1(k, k′) +QℓX1(k′, k)− δℓ0
1
2
(F0(k
′) + F0(k))}
]
− g
2
A
3f40
3(2b2 + 3b4)
{
1
8
ρ0 − 1
4
(2k′2 + k2 + 3m2π)F0(k
′)− 1
4
(k′2 + 2k2 + 3m2π)F0(k)
+
1
4
(k′2F2(k
′) + k21F2(k)) + k
′kP1(cos θ)
[
F0(k
′) + F0(k)− 1
2
(F1(k
′) + F1(k)))
]
+
1
4
(
2m2π + k
′2 + k2 − 2k′k cos θ)2 1
k′k
∑
ℓ
ℓˆPℓ(cos θ)Q
ℓ
W0(k
′, k)
}
+
g2A
3f40
3(iσN · (k′ × k))(3b0 + bD)m2π
1
k′k
∞∑
ℓ=0
{
ℓˆPℓ(cos θ)Q
ℓ
W0(k
′, k)
+P ′ℓ(cos θ)(Q
ℓ,ℓ+1
W1 (k, k
′) +Qℓ,ℓ+1W1 (k
′, k)−Qℓ,ℓ−1W1 (k, k′)−Qℓ,ℓ−1W1 (k′, k))
}
− g
2
A
3f40
3(2b2 + 3b4)(iσN · (k′ × k))
[
1
2
(F0(k
′) + F0(k)− F1(k′)− F1(k))− ((k
′ − k)2 + 2m2π)
2k′k
∞∑
ℓ=0
×{ℓˆPℓ(cos θ)QℓW0(k′, k) + P ′ℓ(cos θ)(Qℓ,ℓ+1W1 (k, k′) +Qℓ,ℓ+1W1 (k′, k)−Qℓ,ℓ−1W1 (k, k′)−Qℓ,ℓ−1W1 (k′, k))}
]
, (14)
where Pℓ(cos θ) is a Legendre function and θ is the angle between k
′ and k. Definitions of F0, F1, F2, Q
ℓ
W0, Q
ℓ
W1,
and Qℓ,ℓ+1W1 are given in Ref. [24]. The constant C
ΛΛ
τ comes from the isospin summation: C
ΛΛ
τ = 3δτ ′τ in SNM and
CΛΛτ = {1δτ ′−1/2δτ−1/2+2δτ1/2δτ1/2} in PNM. If the condition |k| = |k′| is applied for the initial and final momenta,
k and k′, the expression given by Petschauer et al. [31] is recovered. The term including (iσ2 · (k′× k)) gives normal
and anti-symmetric spin-orbit components:
iσN · (k′ × k) = −i1
2
(σΛ + σN ) · (k × k′) + i1
2
(σΛ − σN ) · (k × k′). (15)
The partial wave decomposition is obtained by operating the following integration for the above expression:
12
(1) the central component, 12
∫ 1
−1 d cos θPℓ(cos θ);
(2) the spin-orbit component, 12
∫ 1
−1 d cos θ k
′kδℓ′ℓδSS′δS1(−1)1 ℓ(ℓ+1)+2−J(J+1)2ℓˆ {Pℓ−1(cos θ)− Pℓ+1(cos θ)} for the
coefficient of 12 i(σΛ + σN ) · (k × k′);
(3) the antisymmetric spin-orbit component, 12
∫ 1
−1 d cos θ k
′kδS 6=S′δℓ′ℓδℓJ
√
ℓ(ℓ+ 1)1
ℓˆ
{Pℓ−1(cos θ)−Pℓ+1(cos θ)} for
the coefficient of 12 i(σΛ − σN ) · (k × k′).
2. Effective 2B interaction from the ΛNN-ΣNN interaction
a. V Λ−ΣTPE,a in Eq. (4)
In the following expressions, a factor 2
√
3 for the isospin 12 base is included in the coupling constants. For PNM,
an additional factor is multiplied: 0 for Λn → Σ0n, 12 for Λn → Σ−p, 1 for Λp → Σ0p, and 12 for Λp → Σ+n. The
central component from the evaluation of Eq. (6) becomes
− 1
4f40
Na1
∞∑
ℓ=0
ℓˆPℓ(cos θ)
{
cos θQℓW0(k
′, k)−QℓX1(k, k′)−QℓX1(k′, k) + δℓ0
1
2
(F0(k
′) + F0(k)) +Q
ℓ
W2(k
′, k)
}
+
1
4f40
Na2
{
1
8
ρ0 − 1
4
(2k′2 + k2 + 3m2π)F0(k
′)− 1
4
(k′2 + 2k2 + 3m2π)F0(k)
+
1
4
(k′2F2(k
′) + k2F2(k)) + k
′kP1(cos θ)
[
F0(k
′) + F0(k)− 1
2
(F1(k
′) + F1(k))
]
+
1
4
(
2m2π + k
′2 + k2 − 2k′k cos θ)2 1
k′k
∑
ℓ
ℓˆPℓ(cos θ)Q
ℓ
W0(k
′, k)
}
+Na3
1
4f40
1
3
(σY · σN )
[
1
4
(3k′2 + k2)F0(k
′) +
1
4
(k′2 + 3k2)F0(k)− 1
2
(k′2F1(k
′) + k2F1(k))
− 1
2
k′k cos θ{2(F0(k′) + F0(k)) − (F1(k′) + F1(k′))}
−1
4
(k′2 + k2 − 2k′k cos θ)(k′2 + k2 + 4m2π − 2k′k cos θ)
∑
ℓ
ℓˆPℓ(cos θ)
1
k′k
QℓW0(k
′, k)
]
. (16)
The spin-orbit and antisymmetric spin-orbit terms are
− 1
4f40
Na1 (iσN · (k′ × k))
1
k′k
∞∑
ℓ=0
{
ℓˆPℓ(cos θ)Q
ℓ
W0(k
′, k)
+P ′ℓ(cos θ)(Q
ℓ,ℓ+1
W1 (k, k
′) +Qℓ,ℓ+1W1 (k
′, k)−Qℓ,ℓ−1W1 (k, k′)−Qℓ,ℓ−1W1 (k′, k))
}
+
1
4f40
Na2 (iσN · (k′ × k))
[
1
2
(F0(k
′) + F0(k)− F1(k′)− F1(k))− ((k
′ − k)2 + 2m2π)
2k′k
∞∑
ℓ=0
×{ℓˆPℓ(cos θ)QℓW0(k′, k) + P ′ℓ(cos θ)(Qℓ,ℓ+1W1 (k, k′) +Qℓ,ℓ+1W1 (k′, k)−Qℓ,ℓ−1W1 (k, k′)−Qℓ,ℓ−1W1 (k′, k))}
]
+
1
4f40
Na3 (iσY · (k′ × k))
[
1
2
(F0(k
′) + F0(k)− F1(k′)− F1(k))− ((k
′ − k)2 + 2m2π)
2k′k
×
∑
ℓ
{
ℓˆPℓ(cos θ)Q
ℓ
W0(k
′, k) + P ′ℓ(cos θ)(k
′Qℓ+1,ℓS1 (k
′, k) + kQℓ+1,ℓS1 (k, k
′)− k′Qℓ−1,ℓS1 (k′, k)− kQℓ−1,ℓS1 (k, k′))
}]
. (17)
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Finally, the tensor part is
+Na3
1
4f40
[
1
3
∑
ℓ
ℓˆPℓ(cos θ){−k2S12(k′,k′)− k′2S12(k,k) + 2(k′ · k)S12(k′,k)} 1
k′k
QℓW0(k
′, k)
+
1
3
4π
∑
j′jk
Qj
′j
W1(k
′, k)
√
jˆ′jˆ(−1)j′(j′010|j0)(10j0|k0)
{
1 2 1
j′ j k
}
×
(k′2 + k2)([σ1 × σ2]2 · [Yj′(kˆ′)× Yk(kˆ)]2µ) + 2k′k∑
k′k′′
√
jˆ′kˆ
3 · 5(−1)
k′+k′′
{
j′ k 2
k′ k′′ 1
}
×(10j′0|k′′0)(10k0|k′0)([σ1 × σ2]2 · [Yk′′ (kˆ′)× Yk′ (kˆ)]2)
}
+ {k′ ↔ k}
+
1
3
∞∑
ℓ=0
ℓˆPℓ(cos k̂
′
k){QℓX1(k, k′) +QℓX1(k′, k)− δℓ0
1
2
(F0(k
′) + F0(k))}1
3
S12(k
′ − k,k′ − k)
+
√
7
3
4π
∑
j′jk
Qj
′j
W1(k
′, k)
√
jˆ′jˆ(−1)j′(j′010|j0)(10j0|k0)
{
1 2 1
j′ j k
}
×
[
(1010|20)k′2
∑
J
(−1)j′+k
√
Jˆ jˆ′
{
2 j′ J
k 2 2
}
(20j′0|J0)([σ1 × σ2]2 · [YJ(kˆ′)× Yk(kˆ)]2)
+ (1010|20)k2
∑
J
(−1)j′+k
√
Jˆ kˆ
{
2 k J
j′ 2 2
}
(20k0|J0)([σ1 × σ2]2 · [Yj′ (kˆ′)× YJ(kˆ)]2)
−2k′k
∑
J12J34
√
Jˆ12Jˆ34jˆ′kˆ
1 j
′ J12
1 k J34
2 2 2
 (10j′0|J120)(10k0|J340)([σ1 × σ2]2 · [YJ12(kˆ′)× YJ34(kˆ)]2)

+ {k′ ↔ k}
− 1
3
∞∑
ℓ=0
ℓˆPℓ(cos θ)Q
ℓ
W2(k
′, k)
1
3
S12(k
′ − k,k′ − k)
− 1
3
4π
∑
j′j
Qj
′j
W2(k
′, k)
1
5
√
2jˆ′jˆ
3
(j′0j0|20)
(k′2 + k2)([σ1 × σ2]2 · [Yj′(kˆ′)× Yj(kˆ)]2)
+2k′k
∑
k′k
√
jˆ′jˆ
15
(−1)k+k′
{
j′ j 2
k k′ 1
}
(10j′0|k′0)(10j0|k0)([σ1 × σ2]2 · [Yk′ (kˆ′)× Yk(kˆ)]2)

−
√
7
3
4π
∑
j′j
Qj
′j
W2(k
′, k)
1
5
√
2jˆ′jˆ
3
(j′0j0|20)
(1010|20)
×
(
k′2
∑
k
(−1)j′+j
√
kˆjˆ′
{
2 j′ k
j 2 2
}
(20j′0|k0)([σ1 × σ2]2 · [Yk(kˆ′)× Yj(kˆ)]2)
+k2
∑
k
(−1)j′+j
√
kˆjˆ
{
2 j k
j′ 2 2
}
(20j0|k0)([σ1 × σ2]2 · [Yj′ (kˆ′)× Yk(kˆ)]2)
)
−2k′k
∑
k′k
√
kˆ′kˆjˆ′jˆ
1 j
′ k′
1 j k
2 2 2
 (10j′0|k′0)(10j0|k0)([σ1 × σ2]2 · [Yk′(kˆ′)× Yk(kˆ)]2)

 . (18)
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b. V Λ−ΣTPE,b in Eq. (5)
Because an isospin structure is complicated in PNM, only the results in SNM are presented. The central component
in SNM from the evaluation of Eq. (6) becomes
ρ0
4f40
1
3
(σY · σN )
∞∑
ℓ=0
ℓˆPℓ(cos θ)
{
−N b2δℓ0 + (N b1 + 2N b2m2π)
1
2k′k
Qℓ(z) + (N
b
1 +N
b
2m
2
π)m
2
π
1
(2k′k)2
Q′ℓ(z)
}
+
1
4f40
1
3
(σY · σN )
∞∑
ℓ=0
ℓˆPℓ(cos θ)
1
2k′k
Qℓ(z)
[
−N b1{(k′2 − k′k cos θ)(f0(k′)− F1(k′)) + (k2 + k′k cos θ)(F0(k)− F1(k))}
+ 2N b3(k
′2 + k2 − 2k′k cos θ)
{
1
ρ0
−m2π(F0(k′) + F0(k))
}
+ (N b2 − 2N b3)
{
(k′2 − k′k cos θ)2)(F0(k′)− 2F1(k′) + F3(k′)))
+(k2 − k′k cos θ)2)(F0(k)− 2F1(k) + F3(k))) + 1
3
(k′2 + k2 − 2k′k cos θ)(k′2(F2(k′)− F3(k′)) + k2(F2(k)− F3(k))
}]
,
(19)
where Qℓ is the second kind Legendre function and z ≡ k
′2+k2+m2
pi
2k′k .
There is no normal spin-orbit term. The antisymmetric spin-orbit terms in SNM are
1
4f40
1
2
(σΛ × σN ) · (k′ × k)
∞∑
ℓ=0
ℓˆPℓ(cos θ)
1
2k′k
Qℓ(z)[−N b1(F0(k′)− F1(k′)− F0(k) + F1(k))
+ (N b2 − 2N b3){(k′2 − k′k cos θ)(F0(k′)− 2F1(k′) + F2(k′))− (k2 − k′k cos θ)(F0(k)− 2F1(k) + F3(k))}]. (20)
The partial wave decomposition is obtained by applying the following integration for the coefficient of 12 (σΛ×σN )·(k′×
k): 12
∫ 1
−1 d cos θ k
′kδS 6=S′δℓ′ℓδℓJ
√
ℓ(ℓ+ 1)1
ℓˆ
(−1)S{Pℓ−1(cos θ)−Pℓ+1(cos θ)} for the coefficient of 12 i(σΛ−σN )·(k×k′).
Finally, the tensor part in SNM is
− ρ0
4f40
1
3
S12(k
′ − k,k′ − k)
∞∑
ℓ=0
ℓˆPℓ(cos θ)
1
2k′k
{
N b2Qℓ(z) + (N
b
1 +N
b
2m
2
π)
1
2k′k
Q′ℓ(z)
}
+
1
4f40
∞∑
ℓ=0
ℓˆPℓ(cos θ)
1
2k′k
Qℓ(z)
[
−N b1
{
1
3
S12(k
′ − k,k′)(F0(k′)− F1(k′))− 1
3
S12(k
′ − k,k)(F0(k)− F1(k))
}
+ 2N b3
1
3
S12(k
′ − k,k′ − k)
{
1
2
ρ0 −m2π(F0(k′) + F0(k))
}
+ (N b2 − 2N b3)
{
1
3
S12(k
′ − k,k′)(k′2 − k′k cos θ)(F0(k′)− 2F1(k′) + F3(k′))
− 1
3
S12(k
′ − k,k)(k2 − k′k cos θ)(F0(k)− 2F1(k) + F3(k))
+
1
3
S12(k
′ − k,k′ − k)1
3
(k′2(F2(k
′)− F3(k′)) + k2(F2(k)− F3(k)))
}]
. (21)
The partial-wave decomposition of the tensor term can be found in Ref. [40].
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